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PERVERSE SHEAVES AND
QUANTUM GROTHENDIECK RINGS
M. Varagnolo and E. Vasserot
Abstract. We define a quantum analogue of the Grothendieck ring of finite dimen-
sional modules of a quantum affine algebra of simply laced type via an analogue of
Lusztig’s restriction functor on perverse sheaves on a variety related to quivers. We
get also a new geometric construction of the tensor category of finite dimensional
modules of a finite dimensional simple Lie algebra of type A−D −E.
1. Introduction
Finite-dimensional representations of quantum affine algebras, say U = Uq(Lg),
have been studied from various viewpoints. However, little is known on the decom-
position factors of tensor product of simple modules. From Lusztig’s work the direct
sum of the Grothendieck rings of affine Hecke algebras of type A can be identified
with the algebra of regular functions of the pro-unipotent group of upper triangular
unipotent Z × Z-matrices with finite support, in such a way that simple modules
are mapped to the dual canonical basis of U+q (sl∞). It was observe recently that
the induction product of simple modules of affine Hecke algebra should be related
to conjectural multiplicative properties of the dual canonical basis, see [NLT]. The
aim of our paper is to give a similar approach for tensor product of simple modules
for all simply laced types, using the geometric realization of quantum affine alge-
bras in [N2], see also [GV], [Va] for type A. In order to do this we give a geometric
construction of a flat deformation, denoted by GR, of the Grothendieck ring of U
in terms of perverse sheaves on a singular variety related to quivers. The product
is defined via an analogue of Lusztig’s restriction functor. It is not commutative
in general, and GR affords a canonical basis. Note that GR and its canonical
basis appeared already in [N3] in a different form. It was also observed, there, that
the elements of the canonical basis could be identified to simple U-modules with a
prescribed, conjectural, filtration. However, the construction in [N3] does not give
the positivity statement in Theorem 4.3. There is no geometric construction of the
tensor category of finite-dimensional U-modules. The positivity in Theorem 4.3
suggests that a large number of information on tensor products of U-modules can
be captured from the ring GR. In particular, we formulate a generalization of a
conjecture of Berenstein-Zelevinsky, see [BZ].
A similar construction gives a new geometric interpretation of the tensor category
of finite dimensional g-modules, see §5. It would be interesting to relate it with
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the tensor category of perverse sheaves on the affine Grassmanian of the Langlands
dual group. This question appeared independentely in [M].
This work was exposed at the ‘Schur memorial conference’ at the Weizmann
Institute in December 2000. The authors would like to thank the organizers for
their hospitality.
2. The Grothendieck rings
2.1. Let g be a simple complex Lie algebra with Cartan matrix A = (aij)i,j∈I .
Let di ∈ {1, 2, 3} be the coprime positive integers such that the matrix with entries
bij = diaij is symmetric. Let αi and ωi be the simple roots and the fundamental
weights of g. Set Q =
⊕
i∈I Zαi, P =
⊕
i∈I Zωi and let P
+, Q+ be the semi-groups
generated by {αi} and {ωi}. Recall that Q is embedded in P by the linear map
such that αi 7→
∑
j ajiωj . For any λ ∈ P , α, β ∈ Q we write β ≥ α if β − α ∈ Q
+
(resp. we write λ ≥ α if λ− α ∈ P+). If λ ∈ P+ let V (λ) be the simple g-module
with highest weight λ. If λ ∈ P and V is an integrable g-module, let Vλ ⊆ V be
the corresponding weight subspace in V . We put∧
(λ) =
{
α ∈ Q+
∣∣V (λ)λ−α 6= {0}}, ∧+(λ) = {α ∈ ∧(λ) ∣∣λ ≥ α}.
LetR(g) be the ring of finite dimensional representations of g. In this paper, except
in §5.2, we consider only simply laced Lie algebras.
2.2. The quantum loop algebra associated to g is the C(q)-algebra U generated by
x±ir, k
±
i,±s, k
±1
i = k
±
i0 (i ∈ I, r ∈ Z, s ∈ N) modulo the following defining relations
kik
−1
i = 1 = k
−1
i ki, [k
±
i,±r,k
ε
j,εs] = 0,
kix
±
jrk
−1
i = q
±aijx±jr
(z − q±ajiw)kεj(z)x
±
i (w) = (q
±ajiz − w)x±i (w)k
ε
j(z)
(z − q±aijw)x±i (z)x
±
j (w) = (q
±aijz − w)x±j (w)x
±
i (z)
[x+ir,x
−
js] = δij
k+i,r+s − k
−
i,r+s
q − q−1
∑
w
1−aij∑
p=0
(−1)
p
[
1− aij
p
]
i
x±irw(1)x
±
irw(2)
· · · x±irw(p)x
±
jsx
±
irw(p+1)
· · · x±irw(1−aij )
= 0
where i 6= j, r1, ..., r1−aij ∈ Z and w ∈ S1−aij . Here we have set ε = + or −,
[n] = (qn − q−n)/(q − q−1), [n]! = [n][n− 1]...[2],
[
m
p
]
=
[m]!
[p]![m − p]!
,
k±i (z) =
∑
r≥0
k±i,±rz
∓r and x±i (z) =
∑
r∈Z
x±ir z
∓r.
Let U± ⊂ U be the subalgebra generated by the elements x±i,r with i ∈ I, r ∈ Z.
For a future use, we also introduce the elements his ∈ U, s 6= 0, such that
k±i (z) = k
±1
i exp
(
±(q − q−1)
∑
s≥1hi,±sz
∓s
)
.
Let ∆ be the coproduct defined in terms of the Kac-Moody generators ei, fi,k
±1
i ,
i ∈ I ∪ {0}, of U as follows
∆(ei) = ei ⊗ 1 + ki ⊗ ei, ∆(fi) = fi ⊗ k
−1
i + 1⊗ fi, ∆(ki) = ki ⊗ ki.
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2.3. Fix λ =
∑
i ℓiωi ∈ P
+, α =
∑
i aiαi ∈ Q
+, Gα =
∏
iGLai , Gλ =
∏
iGLℓi .
For any algebraic group G let G∨ be the set of cocharacters of G, and let G∨,ad
be the set of conjugacy classes in G∨. Thus (C×)∨ = {qk; k ∈ Z}. The direct sum
GL∨m×GL
∨
n → GL
∨
m+n gives a semigroup structure on the sets X
+ =
⊔
λ∈P+ G
∨,ad
λ ,
Y + =
⊔
α∈Q+ G
∨,ad
α . The Abelian groups X,Y associated to X
+, Y +, are identified
with the groups Z[q−1, q]⊗Z P, Z[q
−1, q]⊗Z Q via the maps
γ 7→
∑
i
(tr γi)⊗ ωi, η 7→
∑
i
(tr ηi)⊗ αi,
where γi, ηi are the i-th components of the elements γ ∈ G
∨,ad
λ , η ∈ G
∨,ad
α . Hereafter
we may omit the symbol ⊗ and write simply qnλ instead of qn ⊗ λ. Consider the
Z[q, q−1]-linear map
Ω : Y → X, αi 7→ [2]ωi −
∑
aij=−1
ωj .
Hereafter, let γ + η denote the element γ + Ω(η) ∈ X. We write η  δ if η, δ ∈ Y
are such that η − δ ∈ Y + (resp. we write γ  η if γ ∈ X, η ∈ Y are such that
γ − η ∈ X+). We have q−1Ω = A+ q−1B + q−2A, where A, B are Z[q, q−1]-linear
operators such that A(αi) = ωi for all i ∈ I. Let
( | ) : (Z((q−1))⊗Z Q)×X → Z((q
−1))
be the Z((q−1))-bilinear form such that (αi|ωj) = δij . Let Ω
−1 : X → Z((q−1))⊗Q
be the inverse of Ω. For any γ, γ′ ∈ X, we put
εγγ′ =
(
q−1Ω−1(γ¯)
∣∣ γ′)
0
, 〈γ, γ′〉 = εγγ′ − εγ′γ ,
where f0 is the constant term of a formal series f , and ¯ is the Z-linear involution
such that q¯ = q−1. It is easy to see that
εγ+γ′,γ′′ + εγγ′ = εγ,γ′+γ′′ + εγ′γ′′ ,
for all γ, γ′, γ′′ ∈ X+. Put A = Z[v, v−1]. LetAX be the A-algebra linearly spanned
by elements eγ , γ ∈ X, such that
(1) eγ · eγ
′
= v〈γ,γ
′〉eγ+γ
′
.
2.4. The simple finite dimensional U-modules are labelled by I-uples of monic
polynomials in C(q)[t] with nonzero constant terms, called the Drinfeld polynomials.
If γ =
∑
k γk ∈ X
+ with γk = q
nkωik and nk ∈ Z, let V (γ) be the simple finite
dimensional U-module whose i-th Drinfeld polynomial is P
(i)
γ (z) =
∏
ik=i
(z− qnk).
For any U-module V and any I-uple of formal series ψ± = (ψ±i ) ∈ C(q)[[z
∓1]]I ,
set Vψ =
⋃
N
⋂
iKer
(
k±i (z)− ψ
±
i Id
)N
⊆ V. If γ = γ+ − γ− with γ± ∈ X+, we put
Vγ = Vψ where ψ
±
i is the expansion at ∞ or 0 of the rational function
q(γ(1)|αi) · P (i)γ (1/qz) · P
(i)
γ (q/z)
−1,
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and P
(i)
γ = P
(i)
γ+
/P
(i)
γ−
. Let Cq be the category of pairs (V, F ) where V is a finite
dimensional U-module such that V =
⊕
γ Vγ , and F is a decreasing Z-filtration on
V compatible with the weight decomposition, i.e. FℓV =
⊕
γ(Vγ ∩ FℓV ) for all ℓ.
Let K(Cq) be the A-module with one generator for each (V, F ) ∈ Ob(Cq) modulo
the relations
– (V, F ) = (V ′, F ′) + (V ′′, F ′′) if there is an exact sequence
0→ (V ′, F ′)→ (V, F )→ (V ′′, F ′′)→ 0,
– (V, F ) = v(V ′, F ′) if (V, F ) is isomorphic to (V ′, F ′[1]).
Fix an element γ =
∑ℓ
k=1 γk ∈ X
+, with γk = q
nkωik , such that n1 ≥ n2 ≥ · · · ≥
nℓ. The U-module V (γ1) ⊗ V (γ2) ⊗ · · · ⊗ V (γℓ) does not depend on the choice of
such a decomposition of γ, since
V (qnωi)⊗ V (q
nωj) ≃ V (q
nωj)⊗ V (q
nωi)
for all n, i, j, see [Ka]. Let denote it by W (γ). Fix a highest weight vector vγ ∈
V (γ). It is known that W (γ) is a cyclic U−-module generated by the monomial
wγ = vγ1⊗vγ2⊗· · ·⊗vγℓ , see [Ka], [VV]. The geometric construction in [N2] implies
that
W (γ) =
⊕
γ′W (γ)γ′ , x
−
ir
(
W (γ)γ′
)
⊆
⊕
γ′′W (γ)γ′′ ,
where the sum is over all elements γ′′ ∈ γ′ − qZαi, see also [FM]. Note that the
element x−ir is not homogeneous for the weight decomposition above. Let x
(t)
ir be
its component in ⊕
γ′Hom
(
W (γ)γ′ ,W (γ)γ′−qtαi
)
.
Set also
φ
(t)
ir =
r∑
s=0
(
r
s
)
(−1)r−sq−stx
(t)
is .
We endow W (γ) with the decreasing Z-filtration such that
– {0} = F1W (γ)γ ⊂ F0W (γ)γ =W (γ)γ ,
– FkW (γ)γ′′ =
∑
i,r,t φ
(t)
ir
(
FℓW (γ)γ′
)
,
where ℓ, γ′ are such that
γ′ = γ′′ + qtαi, ℓ = k − 2r − 1− g
′′
i,t+1 + g
′′
i,t−1, γ
′′ =
∑
i,k
g′′ikq
k · ωi.
We have
(
W (γ), F
)
∈ Ob(Cq). There is a unique surjective homomorphism of U-
modules W (γ) → V (γ) such that wγ 7→ vγ . The module V (γ) is endowed with
the quotient filtration. Hereafter, the classes of the pairs
(
V (γ), F
)
,
(
W (γ), F
)
in
K(Cq) are simply denoted by V (γ), W (γ). Let GR ⊂ K(Cq) be the A-submodule
spanned by the elements V (γ). The tensor product of two objects in Cq is endowed
with the filtration such that
(1) Fk
(
Vγ ⊗ V
′
γ′
)
=
∑
ℓ+ℓ′=k+〈γ,γ′〉
FℓVγ ⊗ Fℓ′V
′
γ′ .
Put
gdm(Vγ , F ) =
∑
ℓ
dim(GrFℓ Vγ) · v
ℓ, gch(V, F ) =
∑
γgdm(Vγ , F ) · e
γ ,
where GrF is the associated graded space.
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Proposition. (a) The map gch : K(Cq)→ AX is a ring homomorphism.
(b) The map gch : GR→ AX is injective.
(c) GR is a subring of K(Cq).
Proof: Put γ = γ+ − γ−, where γ± =
∑
k q
n
±
k ωik ∈ X
+. The eigenvalue of hir
on Vγ is r
−1[r]
∑
ik=i
(
qrn
+
k − qrn
−
k
)
, see [FM, (2.11)] for instance. It is known
that ∆(hir) = hir ⊗ 1 + 1 ⊗ hir modulo the linear span of elements m0m
−m0 ⊗
n0n+, where m0 (resp. m
−,m0, n0, n+) is a monomial in the generators k±i (resp.
x−is,his,his,x
+
is) such thatm
−, n+ have a non-zero degree, see [D]. Thus, the weight
γ subspace in V ′ ⊗ V ′′ is ⊕
γ=γ′+γ′′
(
V ′γ′ ⊗ V
′′
γ′′
)
.
Then, Claim (a) follows from (2.3.1) and (2.4.1). Claim (b) is obvious. Claim (c)
is proved in Theorem 4.3. ⊓⊔
For a future use we introduce the following sets
∧
(γ) =
{
η ∈ Y +
∣∣W (γ)γ−η 6= {0}}, ∧+(γ) = {η ∈ ∧(γ) ∣∣ γ  η}.
Remark. The map gch appeared first in [N3]. By [Vr], the same construction
holds for Yangians. The specialization of gch at v = 1 first appeared in [Kn], for
Yangians. The case of quantum affine algebras was done in [FR].
Example. We give a few computations in the case g = sl2. To simplify we omit
ω1 : we write q
n instead of qnω1. We get
eq
m
· eq
n
= vt eq
m+qn ∈ AX ,
where t = 0 if n−m is zero or odd, and t = (−1)ℓ if n −m = 2ℓ with ℓ < 0. We
have
gchV (qn) = eq
n
+ e−q
n+2
∈ AX ,
and
W (qn + qn−2) = v−〈q
n,qn−2〉V (qn)⊗ V (qn−2), W (kqn) = V (qn)⊗k ∈ GR.
Thus,
gchW (qn + qn−2) = eq
n+qn−2 + eq
n−2−qn+2 + e−q
n−qn+2 + v,
gchW (kqn) =
k∑
i=0
[
k
i
]
v
eiq
n−(k−i)qn+2 ,
where
[
k
i
]
v
is the v-binomial coefficient. Note that our normalizations are different
from [N3] (we use v = t−1).
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3. Reminder on quiver varieties
3.1. Consider the graph such that : I is the set of vertices, and there are 2δij−aij
egdes between i, j ∈ I. Each edge is endowed with the two possible orientations.
The corresponding set of arrows is denoted by H. If h ∈ H let h′ and h′′ the
incoming and the outcoming vertex of h. Let h ∈ H denote the arrow opposite
to h. Fix two I-graded finite dimensional complex vector spaces V, W of graded
dimension (ai), (ℓi). Let us fix once for all the following convention : the dimension
of the graded vector space V is identified with the root α =
∑
i∈I aiαi ∈ Q
+ while
the dimension of W is identified with the weight λ =
∑
i ℓiωi ∈ P
+. Set
E(V,W ) =
⊕
h∈H
Mℓh′ah′′ (C), L(V,W ) =
⊕
i∈I
Mℓi,ai(C),
Mλα = E(V, V )⊕ L(W,V )⊕ L(V,W ).
For any (B, p, q) ∈Mλα let Bh be the component of B in Hom (Vh′′ , Vh′) and set
mλα(B, p, q) =
∑
h
ε(h)BhBh + pq ∈ L(V, V ),
where ε is a function ε : H → C× such that ε(h) + ε(h) = 0. A triple (B, p, q) ∈
m−1λα(0) is ♠-stable if there is no nontrivial B-invariant subspace of Ker q. Let
m−1λα(0)
♠ be the subset of ♠-stable triples. The group C× ×Gλ ×Gα acts on Mλα
by
(z, gλ, gα) · (B, p, q) = (zgαBg
−1
α , zgαpg
−1
λ , zgλqg
−1
α ).
The action of Gα on the subset m
−1
λα(0)
♠ is free. Consider the varieties
Qλα = Proj
(⊕
n≥0An
)
and Nλα = m
−1
λα(0)//Gα,
where // is the categorical quotient, and
An =
{
f ∈ C[m−1λα(0)]
∣∣ f(gα · (B, p, q)) = (det gα)−nf(B, p, q)}.
The variety Qλα is smooth and there is a bijection Qλα ≃ m
−1
λα(0)
♠/Gα.
3.2. Let πλα : Qλα → Nλα be the affinization map. It is a proper map. Put
dλα = dimQλα. It is known that dλα = (α|2λ−α). If α ≥ β the extension by zero
of representations of the quiver gives a closed embedding Nλβ →֒ Nλα. Set Nλ =⋃
αNλα, Qλ =
⊔
αQλα, Fλ =
⊔
α Fλα, where Fλα = π
−1
λα(0). A triple (B, p, q) ∈
m−1λα(0) is regular if it is ♠-stable and its Gα-orbit is closed. Let m
−1
λα(0)
♥ ⊆
m−1λα(0)
♠ be the subset of regular triples. Let Q♥λα = m
−1
λα(0)
♥/Gα and N
♥
λα =
m−1λα(0)
♥//Gα be the corresponding open subsets in Qλα, Nλα. The map πλα gives
an isomorphism Q♥λα
∼
→N♥λα. It is proved in [N1], [N2] that
– N♥λα 6= ∅ ⇐⇒ α ∈
∧+
(λ), and Qλα 6= ∅ ⇐⇒ α ∈
∧
(λ),
– Nλ =
⊔
αN
♥
λα, and N
♥
λβ ⊆ N
♥
λα ⇐⇒ α ≥ β.
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3.3. The fixpoint set of a bijection φ : X
∼
→X is denoted by Xφ. The group
C× ×Gλ acts on Qλα, Nλα. For any k ∈ Z and (γ, η) ∈ G
∨
λ ×G
∨
α we set
Qγη,k =
(
Gα ·m
−1
λα(0)
♠,(qk,γ,η)
)
/Gα, Qγ,k = Q
(qk,γ)
λ , Nγ,k = N
(qk,γ)
λ .
It is known that Qγη,k is either empty or a connected component of Qγ,k. Let
πγ,k : Qγ,k → Nγ,k be the restriction of the map πλ. We set Fγ,k = π
−1
γ,k(0),
Fγη,k = Fγ,k ∩Qγη,k, Q
♥
γη,k = Qγη,k ∩Q
♥
λα, N
♥
γη,k = πγ
(
Q♥γη,k
)
. The restriction of
πγ,k to Q
♥
γη,k is an isomorphism onto N
♥
γη,k. It is proved in [N2] that
– Qγ,k =
⊔
η Qγη,k, Nγ,k =
⊔
η N
♥
γη,k, and Qγη,k is connected (or empty),
– the set N♥γη,k depends only on the conjugacy classes of γ, η,
– N♥γη,1 6= ∅ ⇐⇒ η ∈
∧+
(γ) and Qγη,1 6= ∅ ⇐⇒ η ∈
∧
(γ).
To simplify, hereafter we set Qγη = Qγη,1, Qγ = Qγ,1, Nγ = Nγ,1, etc. Put
dγη =
(
η¯
∣∣ [2]γ − qη)
0
.
If Qγη 6= ∅ then dγη = dimQγη, see [N2, (4.1.6)].
3.4. If an algebraic group G acts on a variety X, and if φ ∈ G∨, we put
X+φ = {x ∈ X | lim
z→0
φ(z) · x ∈ Xφ}, X−φ = {x ∈ X | lim
z→∞
φ(z) · x ∈ Xφ}.
For any k ∈ Z, γ ∈ G∨λ , τ ∈ (C
× ×Gλ)
∨ we have the commutative diagram
Qγ,k
ι˜±
←֓ Q±τγ,k
κ˜±
։ Qτγ,k
↓ ↓ ↓
Nγ,k
ι±
←֓ N±τγ,k
κ±
։ Nτγ,k,
where ι˜±, ι± are the embeddings, and κ˜±, κ± are the obvious projections. Since the
map πγ,k is proper the left square is Cartesian.
Remark. The maps ι˜±, ι± are closed embeddings. We have Q
±τ
γ,k = π
−1
γ,k(N
±τ
γ,k)
since πγ,k is a proper map. Thus, it is sufficient to consider the case of ι±. From
[L2], we can fix a finite set of generators of the ring C[m−1λα(0)]
Gα consisting of
eigenvectors of the group τ(C×) × γ(C×) ⊂ C× × Gλ. These generators give a
τ(C×)-equivariant closed embedding of the variety Nγ,k in a finite dimensional
representation of τ(C×). But X±φ is a closed subset of X in the particular case
whereX is a representation of the one-parameter subgroup φ. Thus N±τγ,k is a closed
subset of Nγ,k.
3.5. Fix λ′, λ′′ ∈ P+, fix I-graded vector spaces W ′, W ′′ of dimension λ′, λ′′, and
fix γ′ ∈ G∨λ′ , γ
′′ ∈ G∨λ′′ . Put γ = γ
′ + γ′′, λ = λ′ + λ′′, W = W ′ ⊕ W ′′ and
τ = q · IdW ′ ⊕ IdW ′′ .
Lemma 1. (a) The direct sum of representations of the quiver gives an isomor-
phism Qγ′,k ×Qγ′′,k ≃ Q
τ
γ,k, and a map φ : Nγ′,k ×Nγ′′,k → N
τ
γ,k.
(b) The map φ is finite, bijective and is compatible with the stratifications.
Proof: The first claim is well-known, see [VV, Lemma 4.4] for instance. Let φ :
m−1λ′α′(0)×m
−1
λ′′α′′(0)→ m
−1
λα(0) be the direct sum of representations of the quiver in
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§3.1. The induced map Nλ′α′ ×Nλ′′α′′ → Nλα is a morphism of algebraic varieties.
We have
φ
(
m−1λ′α′(0)
♥ ×m−1λ′′α′′(0)
♥
)
⊂ m−1λα(0)
♥,
since a triple (B, p, q) ∈ m−1λα(0) is regular if and only if it is stable and costable
(i.e. there is no proper B-invariant subspace of V containing Im p), see [L2]. Fix
η′ ∈ G∨α′ , η
′′ ∈ G∨α′′ such that η = η
′+η′′. By the first part, φ gives an isomorphism
N♥γ′η′,k ×N
♥
γ′′η′′,k
∼
→
(
N♥γη,k
)τ
. In particular it induces a bijection
Nγ′,k ×Nγ′′,k =
⊔
η′,η′′
N♥γ′η′,k ×N
♥
γ′′η′′,k
∼
→
⊔
η
(
N♥γη,k
)τ
= Nτγ,k,
which is compatible with the stratifications. This map is clearly affine, since Nλα
is an affine variety. Thus it is finite. ⊓⊔
If k = 1 we get
Qγ
ι˜±
←֓ Q±τγ
κ˜±
։ Qτγ ≃ Qγ′ ×Qγ′′
πγ ↓ ⊓⊔ ↓ ↓ ↓
Nγ
ι±
←֓ N±τγ
κ±
։ Nτγ
φ
← Nγ′ ×Nγ′′ .
Fix η′ ∈ G∨α′ , η
′′ ∈ G∨α′′ . Let κ
±
η′η′′ be the relative dimension of the map κ˜± above
the component Qγ′η′ ×Qγ′′η′′ . Set η = η
′ + η′′.
Lemma 2. We have
(a) κ+η′η′′ + κ
−
η′η′′ = dγη − dγ′η′ − dγ′′η′′ ,
(b) κ±η′η′′ = κ
∓
η′′η′ ,
(c) If δ′ ∈
∧+
(γ′), δ′′ ∈
∧+
(γ′′) are such that η′  δ′, η′′  δ′′, then
εγ′γ′′ − εγ′−δ′,γ′′−δ′′ = κ
±
η′η′′ − κ
±
η′−δ′,η′′−δ′′ = κ
±
δ′δ′′ .
Proof: Part (a) is immediate. Let us check Part (b). The one-parameter subgroup
q · IdW ′ ⊕ IdW ′′ acts fiberwise on the normal bundle to Qγ′η′ ×Qγ′′η′′ in Qγη. By
definition κ±η′η′′ is the dimension of the attracting (resp. repulsing) subbundle. The
class in equivariant K-theory of the tangent bundle to Qγη is given in [N1, §4.1].
We get
(1) κ+η′η′′ =
(
η¯′
∣∣ q−1γ′′)
0
+
(
η¯′′
∣∣ qγ′)
0
−
(
η¯′′
∣∣ qΩ(η′))
0
,
and κ−η′η′′ = κ
+
η′′η′ . Observe that
(
Ω−1(γ)
∣∣Ω(η)) = (η ∣∣ γ), ∀γ ∈ X, η ∈ Y.
Part (c) is proved by a direct computation using (3.5.1) and
εγ′γ′′ − εγ′−δ′,γ′′−η′′ =
(
q−1Ω−1(γ¯′)
∣∣ γ′′)
0
−
(
q−1Ω−1(γ¯′)− q−1δ¯′
∣∣ γ′′ − Ω(δ′′))
0
=
(
q−1Ω−1(γ¯′)
∣∣Ω(δ′′))
0
+
(
q−1δ¯′
∣∣ γ′′)
0
−
(
q−1δ¯′
∣∣Ω(δ′′))
0
=
(
qδ¯′′
∣∣ γ′)
0
+
(
q−1δ¯′
∣∣ γ′′)
0
−
(
qδ¯′′
∣∣Ω(δ′))
0
.
⊓⊔
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4. The product
4.1. For any complex algebraic variety X, let D(X) be the bounded derived cat-
egory of complexes of constructible sheaves of C-vector spaces on X. For any
irreductible local system φ on a locally closed set Y ⊂ X, let IC(Y, φ) be the cor-
responding intersection cohomology complex. Let CY be the constant sheaf on Y .
We set IC(Y ) = IC(Y,CY ). Recall that the direct image of a simple perverse sheaf
by a finite bijective map is still a simple perverse sheaf. Let D denote the Verdier
duality.
Fix γ, γ′ ∈ X+, η, η ∈ Y +. Fix λ, α such that γ ∈ G∨,adλ , η ∈ G
∨,ad
α . Hereafter
we may identify a cocharacter in G∨λ , G
∨
α, and its conjugacy class in X
+, Y +. Let
D(Nγ)
♥, D(Nγ×Nγ′)
♥ be the full subcategories of D(Nγ), D(Nγ×Nγ′) consisting
of all complexes which are constructible with respect to the stratification in §3.3.
Set ICγη = IC(N
♥
γη), Cγη = CN♥γη [dγη] for any η ∈
∧+
(γ), and Lγη = πγ!CQγη [dγη]
for any η ∈
∧
(γ). Let Qγ , Qγγ′ be the full subcategories of D(Nγ)
♥, D(Nγ×Nγ′ )
♥
consisting of all complexes which are isomorphic to finite direct sums of the sheaves
ICγη[k], ICγη[k] ⊠ ICγ′η′ [k
′], k, k′ ∈ Z. The complex Lγη belongs to Ob(Qγ), see
[N2, Theorem 14.3.2]. If γ′, γ′′, ι±, κ±, τ are as in §3.5, we have the functor
res±γ′γ′′ = κ±!ι
∗
± : D(Nγ)
♥ → D(Nτγ )
♥.
Lemma. We have
(a) res±γ′γ′′(Lγη) =
⊕
η=η′+η′′φ!(Lγ′η′ ⊠ Lγ′′η′′)[κ
∓
η′η′′ − κ
±
η′η′′ ],
(b) D ◦ res±γ′γ′′ = res
∓
γ′γ′′ ◦ D, and res
±
γ′γ′′ = res
∓
γ′′γ′ .
(c) For any complex P ∈ Ob(Qγ) there is a complex P
′ ∈ Ob(Qγ′γ′′) such that
res±γ′γ′′(P ) ≃ φ!(P ). The complex P
′ is unique up to isomorphism.
Proof: By base change, the diagram in §3.5 gives
res±γ′γ′′(Lγη) = πγ!κ˜±!ι˜
∗
±CQγη [dγη].
From [L1, 8.1.6] the complex πγ!κ˜±!ι˜
∗
±CQγη is semi-simple, and there are short
exact sequences of perverse sheaves
0→ pHn(fj)!ι˜
∗
±CQγη →
pHn(f≤j)!ι˜
∗
±CQγη →
pHn(f≤j−1)!ι˜
∗
±CQγη → 0,
where pHn is the perverse cohomology, and fj (resp. f≤j) is the restriction of the
map πγ κ˜± to the union of all subvarieties
κ˜−1±
(
Qγ′η′ ×Qγ′′η′′
)
⊂ Q±τγ
of dimension j (resp. ≤ j). We have also
πγ!κ˜±!ι˜
∗
±CQγη [dγη] = φ!
(
Lγ′η′ ⊠ Lγ′′η′′
)
[dγη − 2κ
±
η′η′′ ].
Thus, Claim (a) follows from Lemma 3.5.2.(a). Claim (b) is due to the auto-duality
of Lγη, since the map πγ is proper, and Lemma 3.5.2.(b). The first part of Claim
(c) follows from Claim (a), since a direct summand of a complex in Qγ belongs to
Qγ . The second part of Claim (c) is due to Lemma 3.5.1.(b). ⊓⊔
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4.2. Let Kγ be the A-module with one generator for each isomorphism class of
object of Qγ , with relations P +P
′ = P ′′ if the complex P ′′ is isomorphic to P ⊕P ′,
and P = vP ′ if the complex P is isomorphic to P ′[1]. The elements ICγη, with
η ∈
∧+
(γ), form a A-basis of Kγ . Let resγ′γ′′ be the A-linear map Kγ → Kγ′⊗Kγ′′
such that
resγ′γ′′(P ) = v
〈γ′,γ′′〉
∑
i
P ′i ⊗ P
′′
i
where res+γ′γ′′(P ) =
⊕
iφ!
(
P ′i⊠P
′′
i
)
. It is well-defined and unique by Lemma 4.1.(c).
Lemma 1. (a) In Kγ we have
Lγη =
∑
δgdmV (γ − δ)γ−η ICγδ .
In particular, the elements Lγη, with η ∈
∧+
(γ), form a A-basis of Kγ.
(b) If δ ∈
∧+
(γ) there is a unique surjective map Kγ → Kγ−δ such that Lγη 7→
Lγ−δ,η−δ if η ∈
∧
(γ), η  δ, and Lγη 7→ 0 else.
(c) If δ ∈
∧+
(γ), δ′ ∈
∧+
(γ′), δ′′ ∈
∧+
(γ′′), δ = δ′ + δ′′, the square
Kγ
res
→ Kγ′ ⊗Kγ′′
↓ ↓
Kγ−δ
res
→ Kγ′−δ′ ⊗Kγ′′−δ′′
is commutative.
Proof: Fix δ ∈
∧+
(γ) ∩ G∨,adβ such that η  δ, and fix xδ ∈ N
♥
γδ . We have an
isomorphism
W (γ − δ)γ−η ≃
⊕
kHk(Fγ−δ,η−δ) ≃
⊕
kHk
(
Qγη ∩ π
−1
γ (xδ)
)
such that wγ−δ ∈ H0(Fγ−δ,0), see [VV, Theorem 7.12], [N2, Theorems 3.3.2 and
7.4.1]. We first check that
(1) gdmW (γ − δ)γ−η =
∑
k
vdγ−δ,η−δ−k dimHk
(
Qγη ∩ π
−1
γ (xδ)
)
.
To simplify the notations, we may assume that δ = 0, without loss of generali-
ties. Let Cλ,α+αi,α ⊆ Qλ,α+αi × Qλα be the set of pairs (x
′, x) such that x is a
subrepresentation of x′. For any η, η′ put
Cη′η = Cλ,α+αi,α ∩
(
Qγη′ ×Qγη
)
.
If Cη′η 6= ∅ then η
′ = η + qtαi for some t ∈ Z. Set
dη′η = dimCη′η, eη′η = dγη + dγη′ − 2dη′η.
Let ⋆ be the convolution product in Borel-Moore homology, see [CG]. By definition,
we have
HBMdγη′+dγη−e
(
Cη′η
)
⋆ Hdγη−ℓ(Fγη) ⊆ Hdγη′−k(Fγη′), k = ℓ+ e,
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see [CG, Lemma 8.9.5]. Recall that x
(t)
ir acts on H∗(Fγ) by the ⋆-product by an
element of the form
∑
η
(θη′η ∪ q
rterωη′η) ∩ [Cη′η] ∈ H
BM
∗ (Cη′η),
where η′ = η + qtαi, [Cη′η] is the fundamental class, ωη′η, θη′η ∈ H
2∗(Qγη′ ×Qγη),
degωη′η = 2, and θη′η is invertible. Moreover, ωη′η, θη′η do not depend on r. More
precisely, from [N2, (9.3.2), §13.4], we have
(2) θη′η = e
kωη′η ∪ (1⊗ νη′η)
where k ∈ Z and νη′η ∈ H
2∗(Qγη) is invertible. Fix a non-zero v ∈ H0(Fγ0). The
spaceH∗(Fγ) is spanned by the elements x
−
i1r1
· · · x−isrs(v). Thus, for any η
′ ∈ Y +\0,
we get
H∗(Fγη′) =
∑
i,t,r
x
(t)
ir ⋆ H∗(Fγη),
where η = η′ − qtαi. Set ψ
(t)
ir =
∑
η ω
r
η′η ∩ [Cη′η]. Using (4.2.2) we get
H∗(Fγη′) =
∑
i,t,r
ψ
(t)
ir ⋆ H∗(Fγη).
The ⋆-product by ψ
(t)
ir onH∗(Fγη) is a homogeneous operator of degree eη′η+2r ∈ Z.
Thus,
Hdγη−k(Fγη′) =
∑
i,t,r
ψ
(t)
ir ⋆ Hdγη−ℓ(Fγη),
where k = eη′η + ℓ+ 2r. Set
FℓH∗(Fγη) =
⊕
ℓ′≥ℓHdγη−ℓ′(Fγη).
A direct computation gives
φ
(t)
ir =
∑
η
θη′η ∩ (e
ωη′η − 1)r ∩ [Cη′η],
where η′ = η + qtαi. Thus
(3) FkH∗(Fγη′) =
∑
i,t,r
φ
(t)
ir ⋆ FℓH∗(Fγη),
where k = eη′η + ℓ+ 2r.
The γ-fixed part of the complex [N2, (5.1.1)] is the normal bundle of Cη′η in
Qγη′ ×Qγη. Thus
dγη + dγη′ − dη′η =
(
qη¯ + q−1η¯′
∣∣ γ)
0
−
(
qη¯
∣∣Ω(η′))
0
.
From η′ = η + qtαi, we get
eη′η =
(
η¯′ − η¯
∣∣ q−1(γ − η)− q(γ − η′))
0
= 1 +
(
αi
∣∣ q−t(q−1 − q)(γ − η′))
0
.
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Using (4.2.3) and §2.4 we get
FℓW (γ)γ−η = FℓH∗(Fγη).
The identity (4.2.1) follows.
To prove Lemma 4.2.1.(a) set Lγη =
⊕
k,δηMδk ⊗ ICγδ [k]. If γ, η  δ, let
φδk : Hdγ−δ,η−δ−k(Fγ−δ,η−δ)→ H
dγ−δ,η−δ+k(Fγ−δ,η−δ),
be the composition of the chain of maps
H∗−k(Fγ−δ,η−δ)→ H
BM
∗−k (Qγ−δ,η−δ)→ H
∗+k(Qγ−δ,η−δ)→ H
∗+k(Fγ−δ,η−δ).
A detailed analysis of the gradings in [N2, §14], [CG, §8] shows thatMδk = Imφδk.
Since V (γ − δ)γ−η ≃
⊕
kMδk, we get gdmV (γ − δ)γ−η =
∑
k v
k dimMδk.
Let us prove part (b). By [N2, Theorem 3.3.2] we have for any δ ∈
∧+(γ)
N♥γ−δ,η−δ = ∅ ⇐⇒ N
♥
γη = ∅, Qγ−δ,η−δ = ∅ ⇐⇒ Qγη = ∅.
Thus, using §3.3 we get
(4)
η − δ ∈
∧+
(γ − δ) ⇐⇒ η ∈
∧+
(γ), η  δ,
η − δ ∈
∧
(γ − δ) ⇐⇒ η ∈
∧
(γ), η  δ.
By (4.2.4) there is a unique surjective map Kγ → Kγ−δ such that
ICγη 7→ ICγη if η  δ, and ICγη 7→ 0 else.
Using (4.2.4) again and Claim (a) of the lemma, we see that this map satisfies the
requirements in Claim (b).
Set
A = κ−η′η′′ − κ
+
η′η′′ + 〈γ
′, γ′′〉,
B = κ−η′−δ′,η′′−δ′′ − κ
+
η′−δ′,η′′−δ′′ + 〈γ
′ − δ′, γ′′ − δ′′〉.
Using Lemma 3.5.2.(b), (c) we get A = B. Thus, Claim (c) follows from Claim (b)
and Lemma 4.1.(a). ⊓⊔
4.3. Let (bγη), (cγη) be the bases of GAγ = Hom A(Kγ ,A) dual to (ICγη), (Lγη).
Let ⊗ : GAγ′ ⊗GAγ′′ → GAγ′+γ′′ and θ : GAγ → GAγ be the maps dual to
resγ′γ′′ and D. We consider the inductive system of A-modules (GAγ) such that
bγη 7→ bγ+δ,η+δ . Let GA = lim
−→γ
GAγ be the limit. Let bγ , cγ ∈ GA be the
images of the elements bγ0, cγ0 ∈ GAγ .
Theorem. The A-module GR is a subring of K(Cq). The linear map such that
bγ 7→ V (γ) is an algebra isomorphism GA
∼
→GR. The map θ is a skew-linear
antihomomorphism of GA fixing the bases B = (bγ), C = (cγ). For any γ, γ
′ we
have
bγ ⊗ bγ′ ∈
⊕
γ′′
N[v−1, v] · bγ′′ .
Proof : The maps D, resγ′γ′′ are compatible with the projective system (Kγ). The
limit, denoted (K, res), is a co-algebra with a skew-linear involution D. By Lemma
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4.2.1.(a), (b), the projective system maps ICγη to ICγ−δ,η−δ , for any η ∈
∧+
(γ)
such that η  δ. In K we consider the elements ICγ =
(
ICγ+δ,δ
)
, with γ ∈ X+,
and Lγ =
(
Lγ+δ,δ
)
, with γ ∈ X. We have
res(Lγ) =
∑
γ=γ′+γ′′
v〈γ
′,γ′′〉Lγ′ ⊗ Lγ′′ .
Let A∨X be the A-coalgebra with the A-basis (aγ), γ ∈ X, and the coproduct
aγ 7→
∑
γ=γ′+γ′′ v
〈γ′,γ′′〉aγ′ ⊗ aγ′′ . The A-linear map A
∨
X → (K, res) such that
aγ 7→ Lγ is a surjective co-algebra homomorphism. By Lemma 4.2.1.(a) we have
Lγ =
∑
γ′∈X+
gdmV (γ′)γ · ICγ′ , ∀γ ∈ X.
The elements ICγ′ , γ
′ ∈ X+, form a A-basis of K. Thus, the linear map
ψ : GA→ AX , bγ′ 7→
∑
γ∈X
gdmV (γ′)γ · e
γ , ∀γ′ ∈ X+,
is an injective ring homomorphism. Consider the linear map φ : GR→ GA such
that V (γ) 7→ bγ for all γ ∈ X
+. We get the commutative square of linear maps
GR
φ
−→ GA
↓ ↓ ψ
K(Cq)
gch
−→ AX
where ψ, gch are ring homomorphisms, see Proposition 2.4.(a), the vertical maps
are injective, and φ is invertible. Thus, GR is a subring of K(Cq) and φ is a ring
homomorphism. If γ′ + γ′′ = γ in X+, then
(D⊗ D) ◦ resγ′γ′′ ◦ D = resγ′′γ′ .
Thus θ is an antihomomorphism. ⊓⊔
If bγ ⊗ bγ′ = v
〈γ,γ′〉bγ+γ′ , then the U-module V (γ) ⊗ V (γ
′) is simple and
isomorphic to V (γ + γ′). Conversely, if V (γ) ⊗ V (γ′) is a simple U-module it is
isomorphic to V (γ+γ′). Then, the positivity in Theorem 4.3 implies that bγ⊗bγ′ ∈
vZbγ+γ′ . Then, by (2.3.1) we get bγ⊗bγ′ = v
〈γ,γ′〉bγ+γ′ . The following conjecture
generalizes to all simply laced types the conjecture in [BZ] (for type A).
Conjecture. The following statements are equivalent :
bγ ⊗ bγ′ ∈ v
ZB, bγ ⊗ bγ′ ∈ v
Zbγ′ ⊗ bγ , and bγ ⊗ bγ′ = v
〈γ,γ′〉bγ+γ′ .
5. The classical case
5.1. Fix λ, λ′ ∈ P+. Let D(Nλ)
♥, D(Nλ × Nλ′)
♥ be the full subcategories of
D(Nλ), D(Nλ×Nλ′) consisting of all complexes which are constructible with respect
to the stratification in §3.2. Set ICλα = IC(N
♥
λα), Cλα = CN♥
λα
[dλα] if α ∈
∧+
(λ),
and set Lλα = πλα!CQλα [dλα] if α ∈
∧
(λ). Let Pλ, Pλλ′ be the full subcategories of
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D(Nλ)
♥, D(Nλ ×Nλ′)
♥ consisting of all complexes which are isomorphic to finite
direct sums of complexes of the form ICλα, ICλα ⊠ ICλ′α′ .
Assume that λ = λ′+λ′′. Setting k = 0, γ = IdW in §3.5 we get the commutative
diagram
Qλ
ι˜±
←֓ Q±τλ
κ˜±
։ Qτλ ≃ Qλ′ ×Qλ′′
↓ ⊓⊔ ↓ ↓ ↓
Nλ
ι±
←֓ N±τλ
κ±
։ Nτλ
φ
← Nλ′ ×Nλ′′ .
The restriction of the map κ˜± to κ˜
−1
± (Qλ′α′ ×Qλ′′α′′) is a vector bundle of rank
(1) (dλα − dλ′α′ − dλ′′α′′)/2,
where α = α′+α′′. Indeed, let Tλτ be the normal bundle to Q
τ
λ in Qλ, and let T
±
λτ be
the restriction to Qτλ of the relative tangent bundle to the map κ˜±. The cocharacter
τ acts on Tλτ with non zero weights, and T
±
λτ is the subbundle consisting of the
positive (resp. negative) weights subspaces. Recall that Qλ has a Gλ-invariant
holomorphic symplectic form, see [N1, (3.3)]. Thus, the subvariety Qτλ is symplectic,
and the rank of Tλτ is twice the rank of T
±
λτ .
Consider the functor
res±λ′λ′′ = κ±!ι
∗
± : D(Nλ)
♥ → D(Nτλ )
♥.
For any µ ∈ P+ we set
V (λ′, λ′′)µ = Hom g
(
V (µ), V (λ′)⊗ V (λ′′)
)
.
Lemma 1. For any α ∈
∧
(λ) we have
(a) res+λ′λ′′(Lλα) = res
−
λ′λ′′(Lλα) =
⊕
α=α′+α′′ φ!(Lλ′α′ ⊠ Lλ′′α′′),
(b) res±λ′λ′′(ICλα) ≃
⊕
α′,α′′V (λ
′ − α′, λ′′ − α′′)λ−α ⊗ φ!(ICλ′α′ ⊠ ICλ′′α′′),
(c) res±λ′λ′′ commutes to the Verdier duality.
(d) For any complex P ∈ Ob(Pλ) there is a complex P
′ ∈ Ob(Pλ′λ′′) such that
res±λ′λ′′(P ) ≃ φ!(P
′).
Proof: Claim (a) is proved as Lemma 4.1, using (5.1.1). Using [N2, Theorem 15.3.2]
we get an isomorphism
(2) Lλα ≃
⊕
β∈Q+Htop(Fλ−β,α−β)⊗ ICλβ .
Using Part (a) and (5.1.2) we get
⊕
α≥βV (λ− β)λ−α ⊗ res
±
λ′λ′′(ICλβ) ≃
≃
⊕
α≥β
⊕
β′,β′′V (λ− β)λ−α ⊗ V (λ
′ − β′, λ′′ − β′′)λ−β ⊗ φ!(ICλ′β′ ⊠ ICλ′′β′′),
where the sum is over all β′, β′′ ∈ Q+. An induction on β gives
res±λ′λ′′(ICλβ) ≃
⊕
β′,β′′V (λ
′ − β′, λ′′ − β′′)λ−β ⊗ φ!(ICλ′β′ ⊠ ICλ′′β′′).
⊓⊔
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By Lemma 3.5.1.(b), the functor φ! is an equivalence from Pλ′λ′′ to a full subcat-
egory of D(Nτλ )
♥. Composing res±λ′λ′′ with a quasi-inverse to φ! we get a functor
resλ′λ′′ : Pλ → Pλ′λ′′ . Let Vec be the category of finite dimensional complex vector
spaces, and let P◦λ be the category dual to Pλ. We consider the following functors
⊙ : P◦λ′ × P
◦
λ′′ → P
◦
λ, (P
′, P ′′) 7→
⊕
αHomPλ′λ′′
(
resλ′λ′′(ICλα), P
′
⊠ P ′′
)
⊗ ICλα,
Φλ : P
◦
λ → Vec, P 7→ Hom Pλ
(
P,
⊕
αLλα
)
,
pλβ : P
◦
λ → P
◦
λ−β , P 7→
⊕
α≥βHom Pλ(ICλα, P )⊗ ICλ−β,α−β ,
where β ∈
∧+
(λ). Note that [N2, Theorem 3.3.2] and §3.2 give
α− β ∈
∧+(λ− β) ⇐⇒ α ∈ ∧+(λ), α ≥ β,
and similarly with
∧
(λ). By (5.1.2) we have
pλβ(Lλα) ≃
{
Lλ−β,α−β if α ≥ β
0 else.
We define a new category P◦ as follows. Objects of P◦ are collections P =
(Pλ, γλβ), where λ ∈ P
+, β ∈
∧+
(λ) \ {0}, Pλ ∈ Ob(Pλ) and
γλβ ∈ IsomPλ−β
(
Pλ−β , pλβ(Pλ)
)
are isomorphisms satisfying the obvious chain condition. Morphisms P ′ → P ′′ are
collections (φλ) ∈
∏
λHomPλ(P
′′
λ , P
′
λ) such that
γ′λβ ◦ φλ−β = pλβ(φλ) ◦ γ
′′
λβ ∈ Hom Pλ−β
(
P ′′λ−β , pλβ(P
′
λ)
)
.
Lemma 2. Fix β ∈
∧+
(λ), β′ ∈
∧+
(λ′), β′′ ∈
∧+
(λ′′) such that β = β′+β′′. For
any P,P ′, P ′′ ∈ Ob(P◦) we have natural embeddings
Φλ−β(Pλ−β) ⊂ Φλ(Pλ), P
′
λ′−β′ ⊙ P
′′
λ′′−β′′ ⊂ pλβ(P
′
λ′ ⊙ P
′′
λ′′).
Moreover we have
∑
β′,β′′P
′
λ′−β′ ⊙ P
′′
λ′′−β′′ = pλβ(P
′
λ′ ⊙ P
′′
λ′′).
Proof: Fix an isomorphism as in (5.1.2) for each α ∈
∧
(λ). For any such α we get
a morphism of functors
⊕
α′Hom (−, ICλα′ )⊗ Hom(ICλ−β,α′−β , Lλ−β,α−β)→ Hom(−, Lλα).
By definition of Φλ, pλβ this morphism gives a morphism of functors Φλ−β ◦ pλβ →
Φλ. The morphism Φλ−β(Pλ−β)→ Φλ(Pλ) is the composition of the isomorphism
Φλ−β(γλβ) and the morphism Φλ−β ◦ pλβ → Φλ above. Using (5.1.2) we get
Φλ(ICλα) ≃ V (λ− α), Φλ−β ◦ pλβ(ICλα) ≃
{
V (λ− α) if α ≥ β,
0 else.
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This proves Claim one. For any α′ ∈
∧+
(λ′), α′′ ∈
∧+
(λ′′) Lemma 5.1.1 gives an
isomorphism of complexes
(3) ICλ′α′ ⊙ ICλ′′α′′ ≃
⊕
αV (λ
′ − α′, λ′′ − α′′)λ−α ⊗ ICλα,
where the sum is over all α ∈
∧+
(λ) such that V (λ′ − α′, λ′′ − α′′)λ−α 6= {0}.
Fix such a family of isomorphisms. It gives a morphism of functors pλ′β′(−) ⊙
pλ′′β′′(−) → pλβ(− ⊙ −). The morphism P
′
λ′−β′ ⊙ P
′′
λ′′−β′′ → pλβ(P
′
λ′ ⊙ P
′′
λ′′) is
the composition of the isomorphism γ′λ′−β′ ⊙ γ
′′
λ′′−β′′ and the morphism of func-
tors pλ′β′(−) ⊙ pλ′′β′′(−) → pλβ(− ⊙ −) above. Then, Claim two and three are
consequences of the following identities. If V (λ′ − α′, λ′′ − α′′)λ−α 6= {0}, then
α ≥ α′ + α′′, and thus
α ≥ β ⇐ α′ ≥ β′, α′′ ≥ β′′,
α ≥ β ⇒ ∃β′, β′′ s.t. α′ ≥ β′, α′′ ≥ β′′, β = β′ + β′′.
We are done. ⊓⊔
By Lemma 5.1.2 the category P◦ is endowed with the functors Φ : P◦ → Vec,
⊙ : P◦ ×P◦ → P◦ such that
Φ(P ) = lim
−→λ
Φλ(Pλ), (P
′ ⊙ P ′′)λ =
∑
λ=λ′+λ′′P
′
λ′ ⊙ P
′′
λ′′ .
Then, (5.1.3) gives the following.
Lemma 3. (P◦,⊙) is a tensor category, and Φ is a tensor functor.
LetA be the Grothendieck group of P◦. The functor⊙ gives a productA⊗A→ A.
Let bλ, cλ be the classes in A of the objects of P
◦ associated to the families
(ICλ+β,β), (Lλ+β,β). Then (bλ), (cλ) are bases of A. Let (R(g),⊗) be the tensor
category of finite dimensional g-modules. We have proved the following theorem.
Theorem. The tensor categories (P◦,⊙), (R(g),⊗) are equivalent. The group
homomorphism such that bλ 7→ V (λ) is a ring isomorphism A
∼
→R(g). Moreover,
we have bλ =
∑
µ dimV (λ)µ · cµ.
5.2. In this subsection we consider the non simply laced case. Our construction
is based on [L1, §11]. Assume that g is a non simply laced, simple, complex Lie
algebra. Fix a simply laced simple Lie algebra g and a diagram automorphism a
of g such that the Dynkin graph of g is deduced from the Dynkin graph of g as in
[L1, §14]. Let n be the order of the automorphism a (n = 2 for types Bk, Ck, F4,
and n = 3 for type G2). The automorphism a is identified with a permutation of
the set I ×H, see §3.1, such that
a(h′) = a(h)′, a(h′′) = a(h)′′, a(h) = a(h).
Let 〈a〉 be the cyclic group of automorphisms of (I,H) generated by a. Let I be
the set of 〈a〉-orbits in I, and let P+ = (P+)a, Q+ = (Q+)a be the corresponding
sub-semigroups of P+, Q+. The simple root αi and the fundamental weight ωi of
g are identified with the sums
∑
i∈i αi ∈ Q
+,
∑
i∈i ωi ∈ P
+. For any λ ∈ P+, α ∈
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Q+, the diagram automorphism induces natural isomorphisms Qλα
∼
→Qa(λ),a(α),
Nλα
∼
→Na(λ),a(α). Let denote them by a again.
To avoid confusions, finite dimensional representations of g, g are denoted by
V (λ), V (λ) respectively. The subsets of Q+, Q+ defined in §2.1 are denoted by∧
(λ),
∧+
(λ) and
∧
(λ),
∧+
(λ) respectively.
Fix λ, λ′ ∈ P+ and α ∈ Q+. Following [L1, §11] we consider new categories aPλ,
aPλλ′ . An object of
aPλ is a pair (P, θ), where P ∈ Ob(Pλ) and θ : a
∗P
∼
→P is an
isomorphism such that the composition
a∗nP−→· · · −→a∗2P
a∗θ
−→a∗P
θ
−→P
is the identity. A morphism (P, θ)→ (P ′, θ′) is a morphism f : P → P ′ such that
fθ = θ′(a∗f). The category aPλλ′ is constructed in the same way. Both categories
are Abelian. For any functor F : Pλ → Pλ′ and for any isomorphism of functor
a∗F
∼
→Fa∗ there is the functor aF : aPλ →
aPλ′ such that
aF (P, θ) = (F (P ), θF )
where θF is the composition of the chain of maps
a∗F (P ) −→ F (a∗P )
F (θ)
−→F (P ).
The functor a∗ on Pλ has the order n, where n = 2 or 3. Let
aIλ be the full
subcategory of aPλ whose objects are the pairs (P, θ) such that P ≃ P
′ ⊕ a∗P ′ ⊕
· · · ⊕ (a∗)n−1P ′ for some P ′ ∈ Pλ, and θ is an isomorphism carrying the direct
summand (a∗)jP ′ ⊂ a∗P onto the direct summand (a∗)jP ′ ⊂ P . The objects of
aIλ are said to be traceless.
The automorphism a preserves the stratification of Nλ. Since ICλα is canonically
attached to N♥λα, there is a canonical isomorphism a
∗ICλ,a(α)
∼
→ ICλα. If α ∈ Q
+
the corresponding object in aPλ is denoted by
aICλα. Let µn ⊂ C
× be the set
of n-th roots of unity. For any ζ ∈ µn and any Q = (P, θ) ∈ Ob(
aPλ) we put
Q(ζ) = (P, ζθ). If α /∈ Q+ and ζ1, ..., ζn ∈ µn, let
aICλα(ζ1, ..., ζn) be the object of
aPλ associated to the perverse sheaf
P = ICλα ⊕ ICλ,a(α) ⊕ · · · ICλ,an−1(α)
and the isomorphism a∗P
∼
→P which maps the summand a∗ICλ,ai(α) onto the
summand ICλ,ai−1(α) by ζi+1 times the canonical isomorphism. A simple object
in aPλ is isomorphic either to
aICλα(ζ) for some α ∈ Q
+ and ζ ∈ µn, or to
aICλα(ζ1, ..., ζn) for some α ∈ Q
+ \ Q+ and ζ1, ..., ζn ∈ µn. Let
1Pλ be the full
subcategory of aPλ whose objects are isomorphic to finite direct sums of the objects
aICλα.
The image by the functor πλα! of the obvious isomorphism a
∗CQλ,a(α)
∼
→CQλα
is an isomorphism a∗Lλ,a(α)
∼
→Lλα. If α ∈ Q
+ the corresponding object in aPλ
is denoted by aLλα. Assume that β ∈ Q
+ is such that α ≥ β and N♥λβ 6= ∅.
Fix an element xβ ∈ N
♥
λβ . One proves as in [N2, Theorem 3.3.2] that there are
〈a〉-invariant open sets
Uα ⊂ 〈a〉(Nλα), U
♥
β ⊂ 〈a〉(N
♥
λβ), Uα−β ⊂ 〈a〉(Nλ−β,α−β)
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containing xβ , xβ , 0 respectively, and a commutative square
Uα
∼
→ U♥β × Uα−β
π ↑ ↑ Id×π
π−1(Uα)
∼
→ U♥β × π
−1(Uα−β),
where π denotes either πλα or πλ−β,α−β . The horizontal maps are analytic 〈a〉-
equivariant isomorphisms carrying the element xβ ∈ Uα to (xβ , 0) ∈ U
♥
β × Uα−β .
By (5.1.2) we have
Lλα ≃
⊕
β∈Q+Htop(Fλ−β,α−β)⊗ ICλβ ,
and the isomorphism a∗Lλ,a(α)
∼
→Lλα maps the direct summand
Htop
(
a(Fλ−β,α−β)
)
⊗ a∗ICλ,a(β) onto Htop(Fλ−β,α−β)⊗ ICλβ
in the obvious way. By [X, Theorem 3.2.1], if α, β ∈ Q+ the number of irreducible
components of Fλ−β,α−β which are mapped to themselves by a is the multiplicity
dimV (λ− β)λ−α. Thus
aLλα =
1Lλα ⊕ Iλα where
(1) 1Lλα ≃
⊕
β∈Q+V (λ− β)λ−α ⊗
aICλβ ∈ Ob(
1Pλ), Iλα ∈ Ob(
aIλ).
Assume that λ = λ′ + λ′′ in P+. The maps ι±, κ±, φ commute to the automor-
phism a of Nλ. Thus, there is a natural isomorphism a
∗resλ′λ′′
∼
→ resλ′λ′′a
∗. We get
the functor aresλ′λ′′ :
aPλ →
aPλ′λ′′ . Lemma 5.1.1 implies the following.
Lemma. For any α ∈ Q+ there are traceless objects I, I ′ such that
(a) aresλ′λ′′(
aLλα) = I ⊕
⊕
α=α′+α′′
aLλ′α′ ⊠
aLλ′′α′′ ,
(b) aresλ′λ′′(
aICλα) = I
′⊕
⊕
α′,α′′V (λ
′−α′, λ′′−α′′)λ−α⊗(
aICλ′α′⊠
aICλ′′α′′).
For any β ∈
∧+
(λ)∩Q+, there is an obvious isomorphism of functors a∗pλβ
∼
→ pλβa
∗.
The corresponding functor apλβ :
aPλ →
aPλ−β is exact and satisfies
apλβ(
aICλα) =
{
aICλ−β,α−β if α ≥ β
0 else.
We have also, see (5.2.1),
apλβ(
aLλα) ≃
{
aLλ−β,α−β if α ≥ β
0 else.
Let K(aPλ) be the Grothendieck group of
aPλ. The class of an object P is still
denoted by P . Let k ⊂ C be subring generated by µn. Let K
′
λ be the quotient of
K(aPλ)⊗ k by the relations :
– P (ζ) = P ⊗ ζ for any ζ ∈ µn,
– the class of a traceless object is zero.
Let Kλ ⊂ K
′
λ be the subgroup spanned by the classes of objects in
1Pλ, and let
Aλ = K
∗
λ be the dual group. Using the maps
apλβ we construct, as in §4.3, an
inductive system of groups (Aλ). The limit, denoted by A, is endowed with a
product A ⊗ A → A, and two distinguished bases (bλ), (cλ) associated to the
families (aICλ+β,β), (
aLλ+β,β).
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Theorem. The group homomorphism such that bλ 7→ V (λ) is a ring isomorphism
A
∼
→R(g). Moreover, we have bλ =
∑
µ dimV (λ)µ · cµ.
5.3. In this subsection we explain how a similar construction gives a natural re-
striction map GR→ R(g)⊗ A. Consider the diagram
Qλ
ι˜±
←֓ Q±γλ
κ˜±
։ Qγ
↓ ⊓⊔ ↓ ↓
Nλ
ι±
←֓ N±γλ
κ±
։ Nγ .
Set εγ = εγγ . Let κ
±
η be the relative dimension of κ˜± above the component Qγη.
The same computations as in Lemma 3.5.2 or in (5.1.1) give
κ−η = dλα/2− dγη, κ
+
η = dλα/2,
εγ − εγ−δ = dγδ, dγη − dγ−δ,η−δ = dγδ,
for any δ ∈
∧+
(γ), η  δ. Consider the functor
res±γ = κ±!ι
∗ : D(Nλ)
♥ → D(Nγ)
♥.
By base change we get, for any η ∈
∧+(γ),
res±γ Lλα = πγ!κ˜±!ι˜
∗
±CQλα [dλα] =
⊕
ηπγ!CQγη [dλα − 2κ
±
η ] =
⊕
ηLγη[∓dγη].
Lemma. (a) For any complex P ∈ Ob(Pλ) the complex res
±
γ (P ) belongs to Ob(Pγ).
(b) We have D ◦ res+γ = res
−
γ ◦ D.
The corresponding group homomorphism vεγ res+γ : K(Pλ) → Kγ is compatible
with the projective systems in §5.1, §4.2. Let res : GA→ A⊗A be the inductive
limit of the system of maps dual to vεγ res+γ .
Proposition. The element res(bγ) belongs to
⊕
λN[v
−1, v] · bλ for all γ ∈ X
+. If
γ ∈ G∨,adλ then res(cγ) = v
εγcλ.
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